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ABSTRACT
The Hanle e†ect concerns the modiÐcation of polarized resonance-line scattering by magnetic Ðelds ;

thus, it can be used as a diagnostic of stellar magnetic Ðelds. The Hanle e†ect has been used to deter-
mine the Ðeld strength and distribution of magnetic structures present in prominences of the Sun. To
investigate its potential use in stellar astronomy, the simpliÐed case of an optically thin axisymmetric
ring illuminated by a stellar point source is considered. The results are then used to derive the polariza-
tion from polar plumes, equatorial disks, and spherical shells. The integrated line polarization is calcu-
lated for axisymmetric rings with a variety of magnetic Ðeld orientations, and in every case the
polarization is proportional to sin2 i (where i is the viewing inclination), just as in the zero Ðeld case. It
is also found that the Hanle e†ect can signiÐcantly alter the integrated line polarization. In some cases
the position angle of the polarization in the line can be rotated by 90¡ relative to the zero Ðeld case. We
consider the Hanle e†ect as a possible diagnostic of magnetic Ðelds in stellar winds with prominent
ultraviolet and visible resonance lines. For these lines the diagnostic has sensitivity in the range of
1È1000 G. The Zeeman e†ect is not normally applicable for diagnosing magnetic Ðelds in stellar winds in
the subkilogauss range ; thus, the Hanle e†ect should provide an especially useful new method of deter-
mining magnetic Ðelds in stars other than the Sun. Possibilities for measuring the Ðelds in early-type
stars using ultraviolet observations is discussed.
Subject headings : line : formation È polarization È stars : magnetic Ðelds È Sun: magnetic Ðelds È

Sun: prominences

1. INTRODUCTION

Given a known magnetic Ðeld geometry, the Hanle e†ect
has been used by atomic physicists to measure the lifetimes
of atomic levels. However, in astronomical applications the
transition lifetimes are taken as known, and the Hanle e†ect
may be used to derive information about the magnetic Ðeld
properties in the line formation region. The purpose of this
paper is to explore the use of the Hanle e†ect in stellar
astronomy in order to ascertain the presence and distribu-
tion of magnetic Ðelds in circumstellar envelopes.

Stellar magnetic Ðelds can have many interesting (even
dominant) e†ects on stellar outÑows. Magnetic Ðelds can
accelerate a wind through Alfve� n wave driving (Cassinelli

Santos, Jatenco-Pereira, & Opher &1982 ; dos 1993 ; Lou
Rosner or by the magnetic rotator mechanism1994) (Weber
& Davis Friend, & Cassinelli The Ðelds1967 ; Poe, 1989).
may also shape the wind geometry (Shore 1987 ; Chevalier
& Luo The magnetic Ðelds can a†ect the mass-loss1994).
rate and velocity distribution of outÑows and lead to signiÐ-
cant deviations from spherical symmetry. Although the
mechanisms by which outÑows can be driven or inÑuenced
by magnetic Ðelds has been widely studied from a theoreti-
cal point of view, there is relatively little observational data
regarding the Ðelds. A few exceptions include the Bp, Bm,
Ap, and Am stars for which Zeeman measurements exist

et al. North, & Queloz and(Landstreet 1989 ; Babel, 1995),
Ñaring stars for which Ðelds are postulated as the only
plausible mechanism & Schmidt(Haisch 1996 ; Johns-Krull
& Valenti White dwarfs and neutron stars are known1996).
to possess strong magnetic Ðelds, with surface strengths of
order 106È108 and 108È1013 G, respectively (Chanmugam

these, too, are measured using the Zeeman e†ect.1992) ;

1 Now at Department of Physics and Astronomy, University of
Glasgow, Glasgow G12 8QQ, Scotland, UK; rico=astro.gla.ac.uk.

Diagnosing the geometry and strength of stellar magnetic
Ðelds by the Zeeman e†ect can be difficult unless the aspect
geometry is particularly simple, because in complicated
geometries there can be signiÐcant cancellation of the polar-
ization between the Zeeman components. To infer the mag-
netic Ðeld strength from magnetic broadening in the
spectral lines from distant stars typically requires rather
large magnetic Ðelds of kilogauss strength or greater, yet
magnetic Ðelds of only 1È100 G might lead to interesting
dynamical e†ects in many stellar winds.

The Hanle e†ect &(Hanle 1923 ; Weiskopf 1931 ; Mitchell
Zemansky provides a diag-1934 ; House 1970 ; StenÑo 1994)
nostic of magnetic Ðelds that operates at a lower range of
Ðeld strengths than does the Zeeman e†ect. The Hanle e†ect
concerns the modiÐcation of the polarizing e†ects of
resonance-line scattering by a magnetic Ðeld. An excellent
reference detailing the application of the Hanle e†ect in
various areas of physics has been compiled by &Moruzzi
Strumia (1991).

In astronomy the Hanle e†ect has been used to diagnose
magnetic Ðelds in solar prominences (Leroy 1985 ;

Leroy, & Sahal-Bre� chotBommier, 1986 ; Landi
DeglÏInnocenti et al. and the upper1990 ; Bommier 1994)
solar atmosphere Malin-(StenÑo 1982 ; Sahal-Bre� chot,
ovsky, & Bommier and as a1986 ; Faurobert-Scholl 1992),
diagnostic of solar turbulent Ðeld strengths (StenÑo 1982 ;

The current status of the theoryFaurobert-Scholl 1993).
and observations of the Hanle e†ect in solar studies is dis-
cussed in several contributions of a workshop on solar
polarization & Nagendra(StenÑo 1996).

There are important di†erences in the analysis of light
from distant stars versus that of the Sun. Even if the Ðeld
strengths and geometries for some stars should happen to
bear some resemblance to that of the Sun, it is the speciÐc
intensity of the radiation Ðeld that is observed in the case of
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the Sun, whereas in the stellar case it is the net Ñux as
integrated over the entire projected area of the star and its
envelope that is observed. Thus, the viability of the Hanle
e†ect as a magnetic diagnostic for distant stars is not
obvious a priori. Clearly, in the stellar case we must be
concerned about the entire geometrical structure of the star
as seen from the observerÏs perspective. This problem not
only arises in our study of the Hanle e†ect, but is also
important in the simpler but related case of continuum
polarization produced by electron scattering. We therefore
comment on the methods and results of polarization studies
for stars.

For hot stars continuum polarization arises from the
scattering of light by free electrons. Both the theory and
observations of polarization induced by electron scattering
in stars and active galactic nuclei are active areas of
research (e.g., et al.Kartje 1995 ; Wood 1996 ; Hillier 1996 ;

et al. A common aspect shared by all of theseHo� Ñich 1996).
di†erent investigations is that the polarization of the Ñux
from an unresolved object results only if there is an aniso-
tropic distribution of either the electron scatterers or the
radiation Ðeld.

In a seminal paper concerning the polarization from elec-
tron scattering envelopes, & McLean devel-Brown (1977)
oped a particularly e†ective way of understanding how a
net polarization may result by considering the scattering of
light in an axisymmetric ring of electrons illuminated by a
point source. They found the following results for an opti-
cally thin electron scattering envelope : (1) the net observed
polarization is proportional to sin2 i, where i is the line-of-
sight viewing inclination, and (2) the magnitude of the
polarization depends on a ratio of two volume integrals
over the density structure. Nordsieck, & Muri-Cassinelli,
son found that the magnitudes of the predicted(1987)
polarization could be brought much closer to those of the
observations by replacing the point-source approximation
with a spherical central star of Ðnite radius. Their modiÐ-
cations are known as the ““ Ðnite disk correction ÏÏ factor.

Subsequently, there have been numerous studies of the
polarization arising from electron scattering in stellar
envelopes. A short list of examples includes the e†ects of
stellar occultation the e†ects of electron scat-(Fox 1991),
tering for line proÐles (Wood & Brown the1994a, 1994b),
e†ects of gravity darkening & Bjorkman(Bjorkman 1994),
and the e†ects of prescattering attenuation & Bjork-(Wood
man Additionally, Whitney has1995). (1991a, 1991b)
studied the observational consequences of strong magnetic
Ðelds for the polarization of electron scattering envelopes,
with applications to white dwarf stars.

The & McLean method of treating a ring ofBrown (1977)
scatterers has ultimately led to a rather sophisticated level
of understanding electron scattering e†ects in stellar
envelopes. We have decided to use their basic approach as a
guide for the present analysis of the Hanle e†ect. In addition
to their description of the axisymmetric geometry, we have
the additional complication of having to describe the wide
range of magnetic Ðeld geometries and strengths that can
occur in stellar envelopes. In this paper emphasis is given to
simple axially symmetric geometries for both the stellar
magnetic Ðeld and the envelope density distribution.

An outline of the paper is as follows. In we discuss° 2,
resonance-line scattering and introduce the Hanle e†ect.
Results for axisymmetric envelopes are given in in which° 3,
the simpliÐed cases of rings, sectors of revolution, and

spheres are considered. In the classes of stars for which° 4,
our results might be applicable are discussed, and a pro-
cedure for using the Hanle diagnostic with observations is
developed. The major results of the paper are then sum-
marized in Finally, in the the general Hanle° 5. Appendix,
scattering phase matrix is presented.

2. BASIC DESCRIPTION OF THE HANLE EFFECT

The basic properties of the Hanle e†ect can be derived
from the classical description of a damped oscillator in a
magnetic Ðeld The expressions for deriving(Corney 1977).
the Hanle e†ect are given in Here we brieÑyStenÑo (1994).
review the properties of resonance-line scattering with and
without a magnetic Ðeld. Stokes parameters are introduced,
and a useful representation of the Hanle e†ect in terms of
electric dipoles is presented.

2.1. Resonance-L ine Scattering in a Magnetic Field
The Ðrst observations of resonance-line scattering polar-

ization in the Sun were performed by usingRedman (1941)
the Ca I 4227 line. Bracketing that work are two papers by
Zanstra describing, Ðrst, the basic theory of(1941a, 1941b)
line polarization and, second, the e†ects of collisional
damping for reducing the polarization to values consistent
with those observed by Redman. More recently, investiga-
tions and applications of resonance-line scattering polariza-
tion for interpreting observations from the Sun have been
discussed by & Stenholm and et al.StenÑo (1976) Dumont

who considered non-LTE line formation in a plane-(1977),
parallel atmosphere. In contrast to the solar case, there have
been few observational studies of resonance-line polariza-
tion from other stars. Yet the theory of resonance-line
polarization from distant stars has been developed exten-
sively. For example, investigated theNagendra (1988)
resonance-line polarization arising from extended spherical
atmospheres, to be used for studying resolved stars.
McKenna studied the consequences of(1981, 1984, 1985)
various frequency redistributions for the transfer of pol-
arized radiation in spectral lines. Je†ery treated(1988, 1989)
the case of resonance-line polarization in moving atmo-
spheres, employing the Sobolev approximation. However,
magnetic Ðelds, and more speciÐcally the Hanle e†ect, have
not been considered in any of these stellar studies. Before
describing the Hanle e†ect for resonance-line scattering, we
Ðrst describe the case of no magnetic Ðelds.

2.1.1. Comparison of Resonance-L ine Scattering
with Electron Scattering

In discussing resonance-line scattering without magnetic
Ðelds, comparisons are made with the more familiar process
of electron scattering. Since we have an interest in the winds
from early-type stars, most of the discussion is given in that
context. There are four major di†erences between
resonance-line scattering and electron scattering. (1) The
line cross sections can be much larger (by several orders of
magnitude) than the Thomson cross section for free elec-
trons. Whereas the Thomson cross section pT\ 6.6
] 10~25 cm2, a strong UV resonance line may have a cross
section as large as 10~16 cm2 or more. (2) The number
density of ions, that produce the line can be very di†erentn

i
,

from the electron number density, In most hot stars, then
e
.

dominant source of electrons come from ionized hydrogen ;
however, the ion density depends on the elemental abun-
dance of the atomic species and the ionization fractionA

E
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of the ion stage of interest ; hence, can be smaller thanq
i

n
iby several orders of magnitude. (3) The line scattering isn

efrequency dependent, whereas electron scattering is gray. (4)
Lastly, the line scattering phase function, which determines
the angular distribution of the scattered radiation, includes
an isotropic component in addition to the Rayleigh phase
function, whereas electron scattering has a Rayleigh dis-
tribution of scattering only.

Attention is drawn to this fourth point, because it
accounts for di†erences in the polarization that arises from
a single atom versus that of a single electron. For
resonance-line scattering, the contributions of Rayleigh and
isotropic components are given by weights that are deter-
mined by the angular momentum quantum number j of the
lower level and the *j of the transition (Chandrasekhar

As in Chandrasekhar, we deÐne to be the weight1960). E1(between 0 and 1) for the Rayleigh contribution, and E2\
to be the weight for the isotropic part. The transfer1 [ E1of circular polarization is decoupled from that of the lin-

early polarized signal ( just as is the case for nonmagnetic
electron scattering), so another weight is used for circu-E3lar polarization. The value of is also between 0 and 1.E3The polarized light results only from the Rayleigh contribu-
tion ; therefore, the isotropic contribution acts to dilute the
polarization relative to the pure Rayleigh scattering case.
For the scattering of unpolarized light by a free electron
through a right angle, the observed polarization would be
p \ 100%. Given the same scattering geometry, the
observed polarization from resonance-line scattering by a
single atom would be which forp \ (100%) ] E1/(4[ E1),recovers p \ 100% as expected. In the case commonE1\ 1
to most stellar contexts, the polarized Ñux arises from the
scattered light, but the unpolarized Ñux is dominated by
direct starlight. In this limit the observed polarization is
directly proportional to tabu-E1. Chandrasekhar (1960)
lates formulae for computing the weights and asE1, E2, E3a function of j and *j (see his Table II).

2.1.2. Comparison of the Hanle E†ect to the Zeeman E†ect

The Hanle e†ect concerns the polarization arising from
resonance-line scattering in the presence of ““ weak ÏÏ mag-
netic Ðelds. The e†ect applies when the magnetic sublevels
of a line transition are sufficiently close in frequency that the
natural line widths of the sublevels overlap signiÐcantly. As
a consequence, quantum mechanical coherences exist that
produce an interference between the polarized line com-
ponents, resulting in changes of the polarization of the scat-
tered light At larger Ðeld strengths, the(House 1970).
sublevels will be distinctly separated, and the Zeeman e†ect
will dominate over the Hanle e†ect, because the phase
coherences are lost. Denoting as for the Zeeman*lZ l[ l0

splitting and as the natural line width, sum-*l
N

Table 1
marizes the di†erent observational properties of the
Zeeman and Hanle e†ects. Note especially that for whole
star observations, the Hanle e†ect will typically be sensitive
to much weaker Ðeld strengths than will be the Zeeman
e†ect. Also, the Zeeman e†ect is usually employed in lines at
IR wavelengths, because of the j2 dependence of Zeeman,
but the Ðeld sensitivities given in for the Hanle e†ectTable 1
apply to strong resonance lines at UV and optical wave-
lengths.

As indicates, it is the Zeeman shift relative to theTable 1
natural line width that determines whether the Zeeman
e†ect or the Hanle e†ect will be dominant. The Zeeman
splitting is related to the Larmor precession frequency, uL,
and the natural line width is related to the radiative tran-
sition rate, for the spontaneous decay of an electronAul,from level u to l. It is useful to consider the ratio

uL
A

ul
\ eB

2m
e
cA

ul
D

B
110A9

, (1)

where Hz and other quantities are expressedA9\A
ul
/109

in cgs units. We will show that the Hanle e†ect is most
useful for determining the strength of the magnetic Ðeld
when thus, in the case of strong resonance lines,uLD A

ul
;

the Hanle e†ect will be sensitive to Ðelds of order 100 G.
Using the Hanle e†ect can be interpreted in theequation (1),
context of the classical atomic oscillator model.

Suppose that an atom has been excited by light that is
completely polarized. The corresponding classical descrip-
tion would be a one-dimensional damped oscillator, with a
damping time of Further suppose that a magnetic1/A

ul
.

Ðeld exists perpendicular to the motion of the atomic oscil-
lator. The atomic oscillator will begin to precess because of
the magnetic Ðeld being transverse to the electron motion.

shows the electron motion and observed intensitiesFigure 1
for three cases of If then the radiativeuL/Aul

. uL/Aul
> 1,

rate is so large (or the magnetic Ðeld so weak) that the
Larmor precession of the classical oscillator is completely
negligible, and there is essentially no Hanle e†ect. This
means that our atomic oscillator emits its radiation at a
Ðxed position angle. On the other hand, for theuL/Aul

? 1,
radiative rate is extremely small (or the magnetic Ðeld
extremely strong), and the Larmor precession of the clas-
sical oscillator is large relative to the radiative lifetime. The
classical atomic oscillator is thus precessing about the mag-
netic Ðeld and emitting radiation at the same time. In this
limit it emits evenly at all position angles, and hence the
observed polarization will be strongly a†ected. willFigure 1
be more fully described in but the important result is° 2.3,
that the ratio essentially determines to whatuL/Aul

P B/A
ul

TABLE 1

DIFFERENCES BETWEEN THE ZEEMAN AND HANLE EFFECTS

Parameter Zeeman Hanle

Line processes . . . . . . . . . . . . . . . . . . . Emission or absorption Resonance-line scattering
Polarization . . . . . . . . . . . . . . . . . . . . . . Circular Linear
Criterion for applicability . . . . . . *lZ? *l

N
a,b *lZD *l

NCriterion for observability . . . . . . *lZZ *lDc *lZ[ *lDField sensitivity . . . . . . . . . . . . . . . . . . BZ 1000 G 1 G [ B[ 1000 G

is the Zeeman shift.a *lZ\ gLuL/2n
is the natural line width.b *l

N is the Doppler line width.c *lD
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FIG. 1.ÈThe Hanle e†ect as seen by an observer looking along the magnetic Ðeld. Three cases are shown for the ratio of the precession rate to theuLradiative rate The left column gives the ratio the middle column shows the classical electron motion, and the right column schematically indicatesA
ul
. uL/Aul

,
the intensities of the scattered light in two orthogonal directions. The cases shown are for the scattering of unpolarized light that is incident from the negative
y-direction at the right with the magnetic Ðeld on the z-axis and along the viewing line of sight. For weak Ðelds with and the scattereduL/Aul

> 1, I
x
? I

y
,

light is nearly 100% polarized along the x-direction. For large Ðelds with the Hanle precession completes an entire rotation before much dampinguL/Aul
? 1,

of the oscillator can occur, so the scattered light is emitted evenly at all position angles (which we call ““ saturated ÏÏ), such that and the polarizationI
x
B I

ydrops toward zero. The middle row is for which gives the optimal Hanle e†ect sensitivity to the magnetic Ðeld.uL/Aul
\ 1,

degree the magnetic Ðeld will alter the polarization of
resonance-line scattered light relative to the zero Ðeld case.

We should point out that in most astrophysical contexts,
it is the Doppler width, that will typically set the*lD,
threshold at which the individual Zeeman components will
emerge from the Doppler smearing. Consequently, the
Zeeman e†ect will not be observable in the presence of
Doppler broadening unless

*lZ
*lD

B
B

8960
j
ul,3

JT4/m6
Z 1 , (2)

where B is in gauss, is the wavelength of the line tran-j
ul,3sition normalized to 103 is the temperature normal-Ó, T4ized to 104 K, and is the mass in atomic mass units of them6

ion producing the resonance line. Doppler broadening has
two main e†ects. First, the Doppler broadening causes sig-
niÐcant blending of the Zeeman split components. Second,
the blending tends to cause cancellation of the polarization
in the di†erent Zeeman components. However, in the case

of the Hanle e†ect, the line scattering polarization does not
su†er cancellation from Doppler broadening. So for UV
wavelengths and temperatures typical of hot stars, the
Hanle e†ect is expected to be a viable diagnostic of stellar
magnetic Ðeld strengths in the subkilogauss range.

2.2. T he Stokes Formulation
To compute the polarization from extended stellar atmo-

spheres, we adopt the Stokes formalism, in which intensities
are treated as 4-vectors. The components of the 4-vector
intensity are the familiar Stokes parameters, I, Q, U, andIlV Using these Stokes parameters, the equa-(Collins 1989).
tion of transfer for polarized radiation becomes

dI
v

dql
\ I

v
[ S

v
, (3)

where is the 4-vector source function. The Hanle e†ectS
vformally enters through the source function, which contains

the phase scattering matrix (see Before discussingeq. [11]).
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the full source function, let us Ðrst consider some of the
conditions and approximations appropriate for the
problem under consideration.

The atomic data for a speciÐc resonance line are relevant
for the Hanle e†ect through the Hanle angle From thea

k
.

the Hanle angle is deÐned by the expressionAppendix,

tan a
k
\ kgLuL

A
ul

\ kgL eB
2m

e
cA

ul
. (4)

The quantity is the La� nde factor of the upper level and isgLgiven by

gL\ J(J ] 1)] L (L ] 1) [ S(S ] 1)
2J(J ] 1)

]g
S

J(J ] 1)[ L (L ] 1) ] S(S ] 1)
2J(J ] 1)

, (5)

where is the electron spin g-factor, and J, L , and Sg
S
B 2

are the state quantum numbers of the upper level in the
standard notation. The quantity k is an integer that can be
0, 1, or 2. There is no Hanle e†ect for k \ 0. Only when k is
1 or 2 does the Hanle e†ect exist. In terms of the classical
oscillator, the k-factor arises from the phase relations
between the three orthogonal dipole oscillators, that are
coupled via the magnetic Ðeld. It is these phase relations
that govern the polarization properties of the scattered
light. Quantum mechanically, the Hanle e†ect is under-
stood to be an interference e†ect that occurs when the mag-
netic sublevels are closely spaced in frequency. In the
quantum description, the integer k is the di†erence of two
magnetic quantum numbers in the excited state (StenÑo

For example, in a singlet such as Si III 12071994).
the magnetic sublevels of the excited state3 1S0È3 1P1, 1P1have values 0, ]1. For all permutations ofm

j
\ [1,

the value of k can be 0, ^1, ^2, but only them
j
[ m

j
@ ,

absolute value of k will matter.
Note that in the deÐnition of the Hanle angle given by

it has been implicitly assumed that the col-equation (4),
lisional broadening rate, is small compared to The!

C
, A

ul
.

e†ect of collisions is both to depolarize the scattered light
and to destroy the quantum interference of the Hanle e†ect.
This occurs because the absorption and emission processes
become uncorrelated when collisions are important.

Let us estimate the collisional broadening with a con-
sideration of the frequency of collisions where!

C
D n

e
pv

e
,

is the electron number density, p is a collisional crossn
esection (of order the atomic dimension), and is a typicalv

espeed of an electron. For the cross section we take
p D 10~16 cm~2 ; for the particle speed we use the thermal
speed for electrons, km s~1.v

e
B (3kT /m

e
)1@2B 660(T4)1@2Since we are interested in stellar winds, a rough upper limit

to the importance of can be estimated from the hot dense!
CWolf-Rayet winds. Assuming a completely ionized pure

helium star, the electron number density at the base of the
Wolf-Rayet wind is Using a mass-lossn

e
DM0 /8nmH R

*
2 v0.rate for a Wolf-Rayet star of yr~1,M0 D 3 ] 10~5 M

_and equal to the isothermal soundR
*

D 2 R
_

, T4D 5, v0speed, we Ðnd that Hz. Note that an of!
C
D 2 ] 107 M0

10~4 yr~1 is quite large, even for the Wolf-Rayet stars.M
_Since most strong UV resonance lines have Hz,A

ul
Z 108

collisions will not dominate even for the case of the very
strong Wolf-Rayet winds, and especially not for the winds
of most other stars, so that should be a good!

C
> A

ul

approximation. This approximation to ignore collisions
implies that the frequency redistribution in the wind can be
treated as coherent (i.e., undisturbed by collisions).

2.3. A Dipole Representation of the Hanle E†ect
The classical representation of atomic absorption and

reemission of resonance-line photons is extremely useful for
understanding the Hanle e†ect. Recall that a beam of ellip-
tically polarized light may be represented as two orthogonal
electric Ðeld vectors and that the total beam intensity is
proportional to the sum of the squared amplitudes of these
electric Ðeld vectors When a beam of(Chandrasekhar 1960).
such light is scattered by an atom, the induced oscillation of
the bound electron can, in general, be decomposed into
three orthogonal directions. The distribution of reemitted
light will be a superposition of dipolar patterns from the
induced orthogonal dipoles. In the presence of a magnetic
Ðeld, each of the dipoles is caused to precess, according to
the Lorentz force acting on the electron. Thus, the[¿] B
Hanle e†ect imposes a coupling between the three dipoles,
such that energy can be transferred from one oscillator to
the others. With this picture in mind, one can grasp the
principle observable e†ects of resonance-line scattering in a
magnetic Ðeld for a wide variety of scattering geometries. It
is this picture that we intend to develop more quantitatively
here.

To determine the dipole strengths, and thus the observed
polarization, the Hanle e†ect phase matrix of the Appendix
is used for a geometry in which the magnetic Ðeld is aligned
with the z-axis. As shown in a beam of unpo-Figure 2,
larized radiation is incident at the atom in the direction

Because the incident radiation is unpolarized andcos h
i
,/

i
.

the magnetic Ðeld is along the z-axis, the scattering polar-
ization depends only on of the Hanle phase matrix, andH

QIa consideration of the Hanle e†ect becomes particularly
simple.

The amplitudes of the electric dipoles, and areE
x
, E

y
, E

z
,

determined by considering the polarization that would be
observed along each of the coordinate axes. For example,
an observer on the x-axis will observe scattered radiation
produced by the dipoles in the y and z directions, but not
from the x dipole since the observer is ““ looking along ÏÏ the
direction of the atomic oscillation. Using for the jthI

j
PE

jcoordinate, and from with the adoptedH
QI

equation (A3)
geometry (see the resulting dipole strengths areeq. [17]),
derived to be

2E
x
2B 1[ 14(1 [ 3 cos h

i
2)

[ 34(1 [ cos h
i
2) cos a2 cos (2/

i
] a2) , (6)

2E
y
2B 1 [ 14(1 [ 3 cos h

i
2)

] 34(1 [ cos h
i
2) cos a2 cos (2/

i
] a2) , (7)

2E
z
2B 32(1[ cos h

i
2) . (8)

Note that the sum is a statement ofE
x
2]E

y
2]E

z
2\ 1

energy conservation for an incident beam of unit intensity.
The amplitudes and di†er only by a minus sign in theE

x
E
ylast term. This is a reÑection of our previous assertion that

the magnetic Ðeld couples the di†erent dipoles by allowing
the energy to be transferred from one mode to another. The
gainer and loser of this energy is controlled by the phase,

that depends on the azimuth of the incident light2/
i
[ a2,and the magnetic Ðeld strength. The amplitude is notE

z



No. 1, 1997 HANLE EFFECT. I. 555

FIG. 2.ÈThe geometry used in the description of the Hanle precession of electric dipoles. Shown is a Cartesian coordinate system with the magnetic Ðeld
aligned along the z-axis. The intensity is obliquely incident at the origin in the direction Radiation scattered by the atom can be represented asI

i
cos h

i
,/

i
.

that resulting from dipoles along each of the orthogonal axes.

a†ected by the magnetic Ðeld because of our choice of
geometry. Since there is no Hanle precession in thisE

z
pB,

mode because the Lorentz force is zero.
Using expressions and for the dipole ampli-(6), (7), (8)

tudes and a visualization of the Hanle precession from
we demonstrate how the Hanle e†ect may eitherFigure 1,

destroy or create polarization in the scattered beam.
Suppose that the unpolarized incident light originates from
the negative y-direction, thus andcos h

i
\ 0 /

i
\ n/2.

shows the motion of the atomic oscillator asFigure 1
viewed by an observer on the z-axis who is looking along
the magnetic Ðeld, such that positive x is up and positive y is
left. There are three cases of shown in asuL/Aul

Figure 1,
indicated in the left column. The middle column shows the
motion of the bound electron as excited by the incident
beam of light and precessed by the magnetic Ðeld. The right-
most column indicates the observed scattered light in terms
of the orthogonal intensities and Note that we adopt aI

x
I
y
.

convention wherein Q[ 0 for a polarization that is parallel
to the z-axis, thus Q\ 0 is for a polarization perpendicular
to the z-axis.

The dipole amplitudes in the x- and y-directions are
and In a weakE

x
2\ (1] cos2 a2)Ez

2/2 E
y
2\ (sin2 a2)Ez

2/2.
magnetic Ðeld, an observer sees radiation that is nearly
100% polarized in the x-direction (see the top row of Fig. 1).
As the magnetic Ðeld increases, the dipole oscillator in the
x-direction is caused to precess about the z-axis, hence a
depolarization of the scattered beam is observed, yet the
intensity of the light is not diminished. As the Ðeld strength
increases to large values, the depolarization becomes nearly
complete for (see the bottom row of In thisuL? A

ul
Fig. 1).

case the depolarization is said to be ““ saturated, ÏÏ because
larger magnetic Ðelds can produce no discernible change in
the observed polarization. The saturated case is still of
interest, for it indicates the presence of a magnetic Ðeld and
a lower limit to the Ðeld strength can be estimated. An
accurate determination of the Ðeld strength is best made in
the case (see the middle row of for whichuLB A

ul
Fig. 1),

the depolarization is signiÐcant but not complete.
In addition to a reduction of the polarization, the orien-

tation of the polarization is no longer the x-axis. The posi-
tion angle of the polarization is as measured12 tan~1 E

y
/E

x
,

from the x-axis. This description is true only for an observer
along the z-axis. In the right-hand column of Figure 1,
notice the strengthening of the scattered intensity in the
y-direction as the Ðeld strength is made to increase. Its
appearance, because of the Hanle e†ect, will cause rather
di†erent changes in the polarization for observing lines of
sight other than along the z-axis.

For example, consider an observer located on the positive
x-axis (i.e., perpendicular to both the magnetic Ðeld and
the direction of the incident intensity). The dipole ampli-
tudes along the z and y-axes are andE

z
2 \ 3/2 E

y
2\

The scattered light is completely polarized in(sin2 a2)Ez
2/2.

the z-direction when there is no magnetic Ðeld ; however, the
Hanle e†ect results in a depolarization with an increase in
total intensity. Alternatively, for an observer along the
y-axis, the dipole amplitudes of interest are andE

z
2\ 3/2

Since the unpolarized incidentE
x
2\ (1] cos2 a2)Ez

2/2.
beam is forward scattered, the scattered light will likewise
be unpolarized in the zero Ðeld case. But as a magnetic Ðeld
is applied in the z-direction, the intensity of the scattered
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light is decreased and the light becomes increasingly pol-
arized along the z-direction. Note that in these two cases,
the decrease or increase in polarization for observers along
the x- or y-axes, respectively, is never so great as to produce
complete polarization or depolarization, even as the mag-
netic Ðeld strength is increased to large values.

The e†ective dipole representation of the Hanle e†ect is
conceptually useful, although quantitatively limited. We
have illustrated how the Hanle e†ect may destroy or create
polarization and alter the orientation of the net polariza-
tion, and how these e†ects depend on the observerÏs per-
spective, the magnetic Ðeld orientation, and the direction of
incident light. The most useful aspect of the dipole represen-
tation is the explicit portrayal of the Hanle e†ect as a conse-
quence of precession. Dipoles that are parallel to the
magnetic Ðeld su†er no Hanle e†ect ; only dipole com-
ponents perpendicular to the Ðeld are precessed. This
description is particularly useful in the strong Ðeld limit (i.e.,

for which the Hanle precession completes manya2] n/2),
revolutions, leading to rather straightforward predictions.
When dealing with more complicated geometries, such as
circular rings or quadrupolar magnetic Ðelds, the dipole
picture permits a qualitative understanding of the results.

3. INTEGRATED LINE PROFILES FROM

AXISYMMETRIC ENVELOPES

Here theoretical line polarizations from axisymmetric cir-
cumstellar envelopes are derived for a sequence of elemen-

tary density distributions. In this paper, results are derived
for the polarization as integrated over the full line proÐle. In
a subsequent paper, a discussion of the Hanle e†ect for the
shape of the polarized line proÐle will be presented.

3.1. T he Scattering Geometry
Referring to we construct a coordinate systemFigure 3,

in which the Cartesian coordinates (X, Y , Z) refer to those
of the observer and refer to those of the star.(X

*
, Y

*
,Z

*
)

The is the symmetry axis of the star. We take the Y -Z
*
-axis

and to be coincident (not shown) ; hence, X, Z,Y
*
-axes X

*
,

and all lie in the same plane. In this system the observerZ
*views the star from the Z-axis, and the line-of-sight inclina-

tion angle of the stellar system, i, is deÐned as the angle
between the Z and Hence, i \ 0 means that the obser-Z

*
.

ver sees the star pole-on, and i \ n/2 refers to an edge-on
viewing line of sight. shows a vector r from theFigure 3
stellar origin to a point P, with spherical coordinates (r, 0,
r) as measured in the star system. Cylindrical coordinates
of point P are (o, r, Originating at the point P are twoZ

*
).

unit vectors, and that represent the directions of inci-n
i

n
s
,

dent and scattered intensities, respectively. The subscripts i
and s shall hereafter be used to denote properties of the
incident and scattered light. Finally, the unit vector indi-n

Bcates the direction of the magnetic Ðeld B at the point P.
For deriving the polarization that results from scattering,

only the directions of the radiation Ðeld and magnetic Ðeld
at the location of the scatterer (i.e., point P) must be known.

FIG. 3.ÈThe stellar coordinate system. The is the symmetry axis, and the observer views the star along the Z-axis that is located in theZ
*
-axis X

*
-Z

*plane. The Y and (not shown) are into the page and coincident. The viewing inclination angle, i, is measured from the to the Z-axis. TheY
*
-axes Z

*
-axis

angles 0 and r are the spherical polar angles in the stellar coordinate system. The three arrows labeled and are unit vectors for the directions of then
B
, n

i
, n

smagnetic Ðeld, incident intensity, and scattered intensity, respectively. The vector r is the spatial position of the scattering point P with respect to the origin.
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FIG. 4.ÈThe scattering geometry. This Ðgure shows the scattering geometry at the scatterer (i.e., point P of The angles 0 and r are the sphericalFig. 3).
polar angles in the stellar coordinate system. The angles h and d are in the coordinate system for which the magnetic Ðeld direction is the local z-axis. The
angles and are the Mueller rotation angles used to rotate the Stokes vectors to and from the local coordinates of the magnetic Ðeld to those of thei

i
i
sobserverÏs measurement axes. The subscripts i, s, and B refer to the incident radiation, the scattered radiation, and the magnetic Ðeld, respectively. The

scattered intensity is parallel to the observerÏs Z-axis. Finally, s is the angle between the incident and scattered intensity rays.I
s

Thus, shows the scattering geometry as centeredFigure 4
on the scattering particle, with point P now located at the
origin. The new geometric quantities appearing in this
Ðgure are as follows :

is the angle between the and the incident1. 0
i

Z
*
-axis

intensity.
is the angle between the and the scattered2. 0

s
Z

*
-axis

intensity.
is the angle between the magnetic Ðeld at P and the3. h

iincident intensity.
is the angle between the magnetic Ðeld at P and the4. h

sscattered intensity.
5. d is the azimuthal angle between and as(/

s
[ /

i
) I

i
I
smeasured around B.

is the angle between the and the magnetic6. 0
B

Z
*
-axis

Ðeld.
is the Mueller rotation angle for the incident inten-7. i

isity.
is the Mueller rotation angle for the scattered inten-8. i

ssity.

Note that is equal to the viewing inclination angle, i.0
sThe application of the Mueller rotation matrix (see the

insures that the polarimetric properties of theAppendix)
scattered light (i.e., the Stokes parameters) arising from dif-
ferent regions in the scattering envelope are consistently
projected onto the observerÏs axes for measuring Q and U.
The other angular quantities are necessary because the scat-
tering phase matrix is determined by the scattering
geometry in a coordinate system where the magnetic Ðeld is
along the local z-axis In general, a reduction(StenÑo 1994).
of the spherical trigonometry is quite daunting unless the

magnetic Ðeld geometry is particularly simple, examples of
which are considered in ° 3.3.

3.2. T he Optically T hin Assumption
In an optically thin medium, the radiation transfer sim-

pliÐes immensely. There is no attenuation of light by the
stellar envelope, neither between the stellar source and the
scatterer nor between the scatterer and the observer, so
every photon that is scattered in the stellar envelope will
also emerge from it. Normally, the consequences of back-
scattering of photons into the stellar atmosphere and
occultation of scattering material on the far side of the star
should be included. In this paper we ignore the com-
plications of backscattering and occultation and consider
only the case of a purely radial radiation, such as would be
expected from a point star.

For distant stars it is the Ñux of line emission that obser-
vers can measure, so to calculate the polarized line emission
from a stellar wind, we employ the Sobolev theory of radi-
ation transfer in a moving medium. In the Sobolev theory,
penetration and escape probabilities are used to model the
radiative transfer through the wind. As implied by their
names, the penetration probability governs the degree to
which direct stellar light can reach a given point in the Ñow,
and the escape probability determines the likelihood that a
photon scattered at a given point will emerge from the cir-
cumstellar envelope without further interaction with the
wind material. A derivation of Sobolev theory will not be
given here, but the reader is referred to andMihalas (1978)

& Cassinelli and references therein for moreLamers (1996)
detailed discussions.
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In Sobolev theory the important parameter that deter-
mines whether the line at a given frequency will be optically
thin or thick is the Sobolev optical depth, given by

qSob\
P

p
l
nd(*l)ds , (9)

where is the frequency integrated cross section, n is thep
lnumber density of the scattering atoms, and the d-function

causes the optical depth to be zero along the line of sight
until the point where the Doppler shift from line center, due
to the bulk motion of the wind material, is equal to *l.
Hence, *l is a function of the line-of-sight path length s
through the wind. The atomic cross section is given by

where and are the statisticalp
l
\ j

ul
2 g

u
A

ul
/8ng

l
, g

u
g
lweights for the upper and lower levels. A consideration of

the penetration and escape probabilities reveals that the line
at a given frequency will be optically thin when the Sobolev
optical depth qSob[ 1.

With an expression for the line optical depth, we can now
predict the observable polarized Ñux of the line. Assuming
that the line is optically thin, the observed intensity is given
by where is the source function. The totalI

v,s B S
v
qSob, SlStokes Ñux of resonance-line scattered photons is given by

the following integral over the scattering volume:

F
s
\
P

kIl,s dl d)\ 1
d2
P

Sl p
l
nd(*l)dl dV . (10)

The Ðrst integral of gives the standard deÐ-equation (10)
nition for the observed Ñux in emission, where d)\ dA/d2
is the di†erential solid angle, dA is the di†erential area
element transverse to the line of sight, and d is the distance
to the star. As the distance to the star is much larger than
the size of the envelope, k B 1. The second integral of

results from substituting for usingequation (10) qSoband deÐning the di†erential volume element dVequation (9)
as the product dAds. Because the star is treated as a point-
source, absorption of the stellar continuum by the circum-
stellar envelope is neglected.

To complete the derivation of the Ñux, the source func-
tion is required. The source function is given by

Sl\
1
4n
P

L (i
s
)H(n

i
, n

s
)L (i

i
)Il,i d) , (11)

where L (c) is the 4 ] 4 Mueller rotation matrix through an
angle c, H is the 4 ] 4 Hanle scattering phase matrix, and

is the incident intensity. Assuming a point-source starIl,ithat emits unpolarized light only, the incident Stokes inten-
sity is 0, 0, where is the inten-Il,i \ (k0 I

*
, 0)d()[ )0), I

*sity at the stellar surface and is the solid angle in the)0direction of the atomic scatterer. The quantity is deter-k0mined by requiring the Ñux in the radial direction to be
hence, it can be shown that TheFl\ L l/4nr2 ; k0\Fl/I*.

assumption of unpolarized stellar light yields a tremendous
reduction of the source function, because the only non-
vanishing element of is the intensity. As a consequence,Il,ithe product simpliÐes toH(n

i
, n

s
)L (i

i
)Il,i Fl(r)(HII

, H
QI

,
and the source function becomesH

UI
, 0)d()[ )0),

Sl\
Fl(r)
4n

L (i
s
)g

H
II

H
QI

H
UI
0
h , (12)

where and are computed from expressionsH
II

, H
QI

, H
UIfound in the Appendix.

In writing expressions and we have tacitly(10) (12),
assumed complete frequency redistribution. StenÑo (1994)
considers the general frequency redistribution for the line
scattering with magnetic Ðelds. In the line wings, far from
line center such that and the scat-l0 *l? *lD *l? *lZ,tering is both frequency coherent and independent of the
magnetic Ðeld, so there is no Hanle e†ect. The frequency
coherence results because the frequency shift required for a
photon absorbed in the line wings to appear in the line core
is so large that its probability of occurring (assuming a
Maxwellian distribution of velocities) is negligibly small.
The Hanle e†ect vanishes in the line wings because the time
spent by a given electron in the line wings tends to be
shorter than at line center. This is a reÑection of the fact that
the Lorentzian broadening is a probability distribution for
the electron state. The Lorentzian wings represent improb-
able states for the electron energy, hence an electron that
happens to be at those frequencies will not remain there
long, the duration being proportional to so there(l [ l0)~1,
will be little time for Hanle precession to be signiÐcant

Smith, & Cooper(Omont, 1973).
For the line core and weak magnetic Ðelds (i.e., *l[

and the Zeeman splitting is much smaller3 *lD *lZ> *lD),
than the Doppler width, and the Doppler broadening yields
a frequency averaging of the redistribution matrix. In the
line core, this frequency averaging permits a separation of
the frequency dependence from the polarimetric properties
of the scattered light. Thus, is valid for the lineequation (12)
core, assuming complete frequency redistribution.

Using equations and the(10), (12), (A1), (A2), (A6),
observed Stokes Ñux from the envelope is

F
s
\ p

l
L l

16n2d2
P

n(r, k
i
)

]a
H

II
H

QI
cos 2i

s
] H

UI
sin 2i

s
[H

QI
sin 2i

s
] H

UI
cos 2i

s
0

bdr dk
i
dr

i
, (13)

where we have taken for the di†erential volume element
sin The integral isdV \ dV

*
\ r2dr 0

i
d0

i
dr

i
\ r2dr dk

i
dr

i
.

most naturally performed in the stellar coordinates versus
the observerÏs, because it is in the stellar coordinates that
the envelope density and magnetic Ðeld distributions are
most easily expressed. The phase matrix elements H

II
, H

QI
,

and and the Mueller angle are all functions of theH
UI

i
sstellar coordinates. In we have also evaluatedequation (13),

the frequency integral, assuming that the continuum is Ñat
over the frequencies of the line ; thus, / L lpl

d(*l)dlB
L l(jul)pl

.
We make one further simpliÐcation by virtue of our

choice of coordinate system. Although arbitrary line-of-
sight viewing inclinations are allowed, the plane hasX

*
-Z

*been chosen coincident with the X-Z plane of the observer,
so that the total Stokes U-Ñux as integrated over the entire
scattering volume vanishes by symmetry. So for an inte-
grated line proÐle, the net polarization results from the
Q-Ñux alone. Assuming that the total scattered Ñux is negli-
gible relative to the direct stellar light (so that F

s
I>

with being the wind broadened*lL L l/4nd2, *lL\ 2v=/j
ulline width), we deÐne the percent polarization of the
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envelope as

p B
F

s
Q

*lL L l/4nd2\ 1
4n

q
l

P
n8 (x, k

i
)

] (H
QI

cos 2i
s
] H

UI
sin 2i

s
)dx dk

i
dr

i
, (14)

where is the normalized radius, is thex \ r/R
*

n8 \ n/n0normalized number density for an axisymmetric wind, and
is the density normalization constant. The parametern0 n0is not of direct concern in this discussion but will be deÐned

later in Note that the integral of is over° 4.2. equation (14)
the volume that contains the scatterers, so x ranges from 1
to O. The occurrence of the Hanle e†ect is conÐned to the
integral part of only ; is a constant scalingequation (14) q

lfactor that is related to basic parameters of the star and the
wind.

If the integral part of is considered as aequation (14)
response of the envelope density and magnetic Ðeld dis-
tributions to the polarizing e†ects of resonance-line scat-
tering, then the constant may be taken as the polarizationq

lsignal amplitude. The symbol is chosen for this constantq
lbecause of its similarity in form to that of an optical depth.

The value of this parameter is implicitly derived from a
consideration of the frequency mean line optical depth :

q6 Sob\ 1
*lL

P
qSob dl\ p

l
n0R

*
2v=/j

ul

P
n8 dx 4 q

l

P
n8 dx . (15)

From and represents theequation (15), q
l
\ j

ul
p
l
R

*
n0/2v=average optical depth in the line. The value of is especiallyq

limportant because of its relation to the line optical depth.
Our derivation for the line polarization of equation (14)
requires that the line be optically thin at each point in the
proÐle. If at each frequency in the line, then theqSob[ 1
frequency mean optical depth must be and is alsoq6 Sob [1, q

lexpected to be We will discuss further in in the[1. q
l

° 4.2
context of selecting stellar targets and lines for observations,
for which our theoretical results, derived next, will be
applicable.

3.3. Results for Axisymmetric Rings
As we are concerned with axisymmetric geometries, it is

Ðrst useful to develop results for circular rings, as was done
by & McLean that can be used as the build-Brown (1977),
ing blocks for more interesting conÐgurations. Analytic
results are presented for the scattering of light by a thin
axisymmetric ring located at colatitude 0 with a cylindrical
radius of r sin 0, as measured from the stellar axis.

From the net polarization from a ring isequation (14),

pring \ 1
4n

q
l
n8 (x, k

i
)
P
0

2n
(H

QI
cos 2i

s
] H

UI
sin 2i

s
)dr

i
.

(16)

Even with the assumptions of an unpolarized stellar point
source and an optically thin medium, the solution to pringremains nontrivial, because of the complicated angular
dependencies of the Hanle phase matrix elements andH

QIThe main difficulty is that the Hanle phase matrix isH
UI

.
formulated for a coordinate system deÐned by the magnetic
Ðeld. For this reason, analytic solutions remain elusive,
existing for only a handful of simpliÐed magnetic geome-
tries, including radial, meridional, toroidal,Br, B’, Br,cylindrical radial, and axial, Ðelds. These Ðve ÐeldBo, BZ,distributions are special, because in each case the magnetic
Ðeld is aligned with a natural coordinate direction associ-

ated with the stellar system. As a consequence, major sim-
pliÐcations result. We choose to concentrate on these few
semianalytic cases to demonstrate the diverse polarimetric
behavior that can result with the Hanle e†ect.

It is a general property of the Hanle e†ect that the scat-
tering is una†ected by the magnetic Ðeld if the incident
intensity distribution is axially symmetric about the mag-
netic Ðeld direction ; thus, the Hanle e†ect vanishes in such
cases, leaving only the normal resonance-line scattering.
Such is the case for a radial magnetic Ðeld, because of the
collinearity of the Ðeld direction and incident radiation.
This result is readily explained by our electric dipole model :
for a radial magnetic Ðeld, the two orthogonal dipoles that
are excited by the incident radiation will precess about the
magnetic Ðeld by equal amounts. Thus, resonance-line scat-
tering in an optically thin stellar envelope with a radial
magnetic Ðeld yields no Hanle e†ect.

The case of an axial Ðeld is the next simplest to consider,
because the magnetic Ðeld is already aligned with the stellar
symmetry axis. In this case there are two major simpliÐca-
tions : (1) the Mueller matrix angle equals 0, and (2) thei

sHanle e†ect scattering angles reduce to the stellar coordi-
nates, giving and d \h

s
\ 0

s
\ i, h

i
\ 0

i
, /

s
\r

s
\ 0,

The geometric simpliÐcations are so great that[r
i
\ [/

i
.

we present the scattered Stokes Ñux per unit solid angle in
its entirety. The amount of Ñux scattered into the observerÏs
line of sight by a small ring segment of di†erential solid
angle isd)

i
dF

s
(BZ)

d)
i

\ 3E1ql L l dx
512n2d2

8
3E1

] 1
3

(1 [ 3 cos2 i)(1[ 3 cos2 0
i
)] 2a([r

i
)
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(17)

T he magnetic e†ects enter exclusively through the functions
and that are deÐned ina([r

i
), b([r

i
), c([r

i
), d([r

i
)

of theequation (A4) Appendix.
To obtain an integration of ispring, equation (17)

required. Of course, the net U-Ñux is zero, but interestingly,
the Hanle e†ect for both Stokes I and Q parameters also
vanishes upon integration, so that the total scattered Ñux
from a ring with the axial Ðeld is the same that would be
found without the axial magnetic Ðeld. A corollary is that
there is no Hanle e†ect for an axisymmetric envelope with
axial magnetic Ðelds. There is, however, a Hanle e†ect at
each individual point along the ring perimeter, so an
extended stellar envelope in bulk motion with an axial Ðeld
should show a Hanle e†ect along the polarized line proÐle

Cassinelli, & Nordsieck(Ignace, 1997).
For the remaining three simple Ðeld distributions, B’, Br,

and the polarization from a ring segment is still a cum-Bo,bersome function of the geometry, even though the mag-
netic Ðeld is conveniently aligned with a coordinate axis.
However, several terms in the expression for the polariza-
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tion from a ring segment are odd functions of azimuth and
integrate to zero, so that the net polarization from the ring
as a whole simpliÐes immensely. After some simpliÐcations,
the net ring polarizations for these magnetic Ðeld geome-
tries were solved by numerically integrating the polarized
Ñux per unit azimuth around the ring perimeter to obtain
pring.A summary of the results for each of the Ðve special mag-
netic Ðeld distributions are listed in The ÐrstTable 2.
column indicates the type of magnetic Ðeld, and the second
gives expected for each case. Note that the expressionspringin have been normalized by The Ðrst rowTable 2 3q

l
E1/16.

of gives the result for the nonmagnetic case, which isTable 2
simply that of & McLean The polarizationBrown (1977).
for each of these analytic cases is proportional to sin2 i,
which lends conÐdence to our numerical investigations that
reveal that the sin2 i dependence likely exists for arbitrary
Ðeld strengths and geometries. Further note that there is a
transition latitude, at which the polarization goes to zero0

t
,

independent of the viewing inclination. In the absence of a
magnetic Ðeld, is just the van Vleck angle. The van Vleck0

tangle is the latitude at which the solid angles of the two
polar caps equal that of the equatorial band. The presence
of a magnetic Ðeld causes to di†er from Using0

t
54¡.7. Table

we discuss for the cases of and2, 0
t

B’, Br, Bo.For meridional and cylindrical radial magnetic Ðelds, the
ring polarization is modiÐed by the Hanle e†ect in the same
way. In both cases the e†ect of a magnetic Ðeld is to increase
the polarization toward larger positive values. To show this,
consider the transition colatitude at which Thepring \ 0.
transition colatitude when either or is presentB’ Bobecomes It ranges from0

t
\ cos~1 [2/3(1] cos2 a2)]1@2.for zero magnetic Ðeld, moves poleward as the Ðeld54¡.7

increases, and attains a maximum colatitude of at large35¡.3
Ðeld strengths. The polarization of a ring poleward of 54¡.7
would normally be negative (i.e., polarized transverse to the
symmetry axis), but the Hanle e†ect makes the ring less
negatively polarized. If the Ðeld is large enough and if the
ring is located at latitudes between about 35¡ and 55¡, then
the Hanle e†ect can actually cause a 90¡ position angle Ñip
so as to align the net polarization of the ring with the sym-
metry axis.

The result for a toroidal Ðeld di†ers signiÐcantly from the
previous cases. First, the line polarization is a somewhat
more complicated function of geometry and the Hanle
angle with the result that there is a Ðnite Ðeld strength ata2,which the polarization of an equatorial ring becomes nega-
tive. This condition is met when (i.e., iscos2 a2\ 13 a2greater than the van Vleck angle), corresponding to Br[

We also note that contains the21@2m
e
cA

ul
/g

u
e. pring(Br)term sin 20, which is an odd function of latitude ; hence, the

net polarization from the upper hemisphere will di†er from

TABLE 2

ANALYTIC EXPRESSIONS FOR THE HANLE EFFECT

IN AXISYMMETRIC RINGS

Field Type Integrated Line Polarization

B\ 0 . . . . . . sin2 i (1 [ 3 cos2 0)
B

r
. . . . . . . . . . sin2 i (1 [ 3 cos2 0)

BZ . . . . . . . . . sin2 i (1 [ 3 cos2 0)
Bo . . . . . . . . . sin2 i [1[ 32 cos2 0 (1] cos2 a2)]B’ . . . . . . . . . sin2 i [1[ 32 cos2 0 (1] cos2 a2)]Br . . . . . . . . . sin2 i (34 sin 2a2 sin 20 [ 32 cos2 a2 cos 20 [ 12)

that of the lower, even if the density distribution is top-
bottom symmetric.

In summary, all Ðve of the simple Ðeld distributions that
we have considered indicate that (1) has a sin2 i depen-pringdence and (2) the extent to which the Hanle e†ect is seen
depends on the magnetic Ðeld geometry. For Ðeld geome-
tries that are symmetrically oriented to the radiation Ðeld,
there will be no Hanle e†ect. In other cases the Ðeld
geometry can lead to a decrease or an increase of the polar-
ization. Even sign changes in the polarization (i.e., position
angle Ñips) can result under certain conditions. Later, we
will show that some of the ambiguities can be removed
through multiline observations. The next task is to employ
the results for rings to the more physical case of extended
envelopes.

3.4. Results for Extended Envelopes
Given a solution for a thin ring, the Hanle e†ect for an

extended envelope can be found by summing up the ring
contributions over the volume of interest, which is an inte-
gral over radius and latitude :

penv\
P
V

pring(x, k
i
)dx dk

i
. (18)

Perhaps the most signiÐcant types of axisymmetric
geometries to consider for stellar envelopes are disks,
plumes, and shells. For this reason we consider the Hanle
e†ect for the more general case of volumes that are sectors
of revolution, with the spherical case treated separately.

3.4.1. T he Hanle E†ect for Sectors of Revolution

To derive the Hanle e†ect for a sector of revolution
(henceforth referred to as just ““ sector ÏÏ), we Ðrst consider a
conical sheet. For a general conical surface with negligible
angular extent and an opening angle of the polarized Ñux0

i
,

is

pcone(ki
) \
P
1

=
pring(x, k

i
)dx . (19)

is a radial integration that involves theEquation (19)
number density and the radial dependence of the magnetic
Ðeld. Note that applies to a cone in only one hemi-pconesphere.

Conceptually, a sector is then a sequence of adjacent
conical sheets. Thus, to determine the polarization of a
sector volume, is integrated over the latitudesequation (19)
of interest, yielding

psec \
P
k1

k2
pcone(ki

)dk
i
, (20)

where and denote the lower andk1\ cos 01 k2\ cos 02upper latitudinal boundaries of the sector, respectively. The
sector is said to be a polar plume if in which case thek2 \ 1,
scattering material is conÐned to latitudes poleward of 01.
On the other hand, if then the sector is the upperk1\ 0,
half of an equatorial disk with scatterers located between 02and n/2.

Let us now consider an actual computation of equations
and Before, when we determined both the(19) (20). pring,number density and the magnetic Ðeld distribution were

constant at every point on the ring, because of the assump-
tion of axisymmetry. Now, however, these distributions
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must be speciÐed to calculate the envelope polarization. For
simplicity, we initially assume that the number density and
magnetic Ðeld distribution are functions of radius only. We
chose the normalized number density to be a power law in
radius, with where has been deÐned inn8 (x)\x~(2`t), n0Note that the t \ 0 case is analogous to aequation (30).
piecewise spherical stellar wind expanding at constant
radial velocity. We also assume a power law magnetic Ðeld
distribution with where is the magneticB\ B

*
x~m, B

*Ðeld strength at the stellar surface.
shows the normalized line-integrated polariza-Figure 5

tion plotted as a function of tan Thea2(R*
) \ B

*
/BHanle.parameter and represents the magneticBHanle\ m

e
cA

ul
/egLÐeld strength at which approximately equals TheuL A

ul
.

normalization of the line polarization includes the sin2 i
factor, so the curves of are valid for all viewingFigure 5
perspectives and may be considered as the maximum polar-
ization obtainable for a given stellar envelope if viewed
edge-on.

Four di†erent sector geometries are considered in the
Ðgure : a thick disk, a thin disk, a broad polar plume, and a

narrow polar plume. Note that the sector geometry for all
four cases is symmetric about the equator (e.g., there are
plumes extending from the star in both hemispheres). In
each case the polarizations are computed using t \ 0 and
m\ [1 in the power-law distributions of the density and
magnetic Ðeld. The half-opening angles, *0, have been
chosen so that the solid angle of the narrow plume is
roughly that of the thin disk, and similarly for the broad
plume and thick disk. For the broad plume and thick disk,
*0 is chosen so that the van Vleck latitude is a boundary of
the respective sectors ; thus, in the absence of a magnetic
Ðeld, the polarizations for these two geometries are maxi-
mized and equal in magnitude but opposite in sign.

For each sector geometry, shows three curvesFigure 5
for the polarization. The horizontal line in each case is the
resonance-line polarization expected in the absence of a
magnetic Ðeld. The other two cases are for meridional and
toroidal Ðelds, as indicated. Recall that radial and axial Ðeld
conÐgurations yield no Hanle e†ect for the integrated line
polarization, and a cylindrical radial Ðeld gives the same
result as a meridional Ðeld. The polarization varies most

FIG. 5.ÈIntegrated line polarizations. The top panel is for polar plumes and the lower for equatorial disks. The vertical axis is the normalized integrated
line polarization ; the horizontal axis is (see Two di†erent half-opening angles, *0, are considered for both plumestan a2(R*

) \ B
*
/BHanle DB

*
/A

ul
eq. [4]).

and disks, as indicated by the line types. There are three curves for each geometry, representing di†erent magnetic Ðeld conÐgurations and as(B
*

\ 0, B’, Br),indicated. At the bottom is shown an ensemble of line distributions. For a surface magnetic Ðeld of 100 G, each arrow indicates where a line measurement for
a given atomic species would be placed along the abscissa. Changing the surface Ðeld strength does not change the relative positions of the arrows but shifts
the line ensemble as a whole to the left or right. For a real star, the measured polarizations for the line ensemble are allowed to slide horizontally until a best
Ðt is obtained to one of the diagnostic curves, at which point both the Ðeld geometry and the surface Ðeld strength are determined. Note that for the curves
shown here, the magnetic Ðeld is assumed to decrease as BD r~1 in each case.
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rapidly with between values of about to 10 ; outsidetan a2 14of this range the polarization tends toward asymptotic
values. Also shown at the bottom of is an ensembleFigure 5
of vertical arrows labeled by ions commonly observed in the
winds of many hot stars. These can be ignored for the
present but will be discussed later in in terms of diag-° 4
nosing stellar magnetic Ðelds from polarimetric measure-
ments using these theoretical curves.

The results shown in for disk and plume geome-Figure 5
tries indicates that the Hanle e†ect can have major conse-
quences for the resonance-line scattered polarization, and
that the variation of the line polarization relative to the zero
Ðeld case is greatest at large values of (i.e., in theB

*
/BHanlesaturated limit). The polarization is seen to increase in some

cases and decrease in others. It may also change sign, as in
some cases when As indicated in the Ðgure, aB\ Br.change of sign in the polarization implies a position angle
Ñip of 90¡. In the next section, the somewhat simpler spher-
ical geometry for the density distribution is considered, and
results are described using more complicated magnetic
geometries.

3.4.2. T he Hanle E†ect for Spherical Envelopes

In the zero Ðeld case, an unresolved spherical shell will
yield net zero polarization, because the polarized Ñux is
axially symmetric about the line of sight. However, a mag-
netic Ðeld can break this symmetry even if the density dis-
tribution is spherically symmetric. To derive the
polarization from a spherically symmetric envelope, we Ðrst
consider geometrically thin spherical shells, analogous to
our construction of sectors from conical surfaces.

For a spherical shell, the observed polarization is

pshell(x) \
P
~1

1
pring(x, k

i
)dk

i
. (21)

Let us assume that the magnetic Ðeld does not depend on
latitude but radius only, so that its magnitude and direction
are constant everywhere on the shell. Using the normalized
expressions for from we evaluatepring Table 2, equation (21)
for each of the Ðve special cases discussed in the previous
section. The results are listed in For radial andTable 3.
axial magnetic Ðelds, the polarization is zero, since haspringno Hanle e†ect. In contrast, the meridional and cylindrical
radial Ðeld distributions both yield a net polarization that is
proportional to the product of sin2 i and sin2 A toroidala2.Ðeld yields the same result for the polarization but with a
minus sign, hence the polarization position angle is perpen-
dicular to instead of parallel as in the cases of andZ

*
B’ Bo.The expressions of have the proper limit that whenTable 2

B\ 0 (i.e., the polarization from the shell vanishes.a2\ 0),
It is also interesting that the maximal polarization occurs
for large magnetic Ðeld strengths (i.e., We pointa2] n/2).

TABLE 3

ANALYTIC EXPRESSIONS FOR THE HANLE

EFFECT IN SPHERICAL SHELLS

Field Type Integrated Line Polarization

B\ 0 . . . . . . 0
B

r
. . . . . . . . . . 0

BZ . . . . . . . . . 0
Bo . . . . . . . . . sin2 i sin2 a2B’ . . . . . . . . . sin2 i sin2 a2Br . . . . . . . . . [sin2 i sin2 a2

out, however, that the sin2 dependence is valid only fora2these special cases and may not result for general Ðeld dis-
tributions.

To compute the polarization from a spherical envelope,
the contributions from shells at di†erent radii must be
summed. This is accomplished through a radial integration
of givingequation (21),

psph \
P
1

=
pshell(x)dx . (22)

Note that for our special cases, it is that is a functionsin2 a2of radius through its dependence on the magnetic Ðeld dis-
tribution.

To illustrate the polarization expected from spherical
envelopes, we have calculated for several di†erent mag-psphnetic Ðeld geometries and show the results in TheFigure 6.
density in the wind is taken to be the power law of the
previous section with t \ 0, hence The four curvesn8 D x~2.
correspond to envelopes with meridional, toroidal, dipolar,
and quadrupolar magnetic Ðeld distributions. As in the pre-
vious section, the Ðeld strength for both the meridional and
toroidal Ðelds is assumed to be a power law in radius with
m\ 1, and thus BDx~1. The dipole Ðeld is given by

B
r
\ 2B

*
cos 0

x3 ,

B’\ B
*

sin 0
x3 ,

Br\ 0 .

Note that in the dipole case is deÐned to be the surfaceB
*magnetic Ðeld strength at the equator. Relative to the

equator, the surface magnetic Ðeld at the pole is twice as
strong. For the quadrupole, the magnetic Ðeld components
are

B
r
\ [B

*
cos 20

x4 ,

B’\ [B
*

sin 20
x4 ,

Br\ 0 .

An important point to note is that even for the more
geometrically complicated distributions of dipole and quad-
rupole Ðeld distributions, the net line polarization is still
proportional to sin2 i. This proportionality has persisted for
every Ðeld distribution that we have tried, and we have
considered magnetic Ðeld orientations with various com-
binations of 15¡, 45¡, 75¡, and 90¡, 15¡,0

B
\ 0¡, r

B
\ 0¡,

45¡, 75¡, and 90¡, 15¡, 45¡, 75¡, and 90¡, and fora2\ 0¡,
rings at latitudes 0 \ 0¡, 15¡, 45¡, 75¡, and 90¡. In each of
these tests, the polarization was computed at inclinations
ranging from pole-on to edge-on at 10¡ intervals.

Returning to the discussion of spherical envelopes, Figure
shows that the meridional and toroidal Ðelds yield the6

same polarization in magnitude but di†er by a sign. The
Hanle e†ect for both the dipole and quadrupole Ðelds yield
positive polarizations with position angles like that for B’,but with smaller magnitudes ; however, the Hanle e†ect for
the dipole Ðeld is signiÐcantly stronger than that for the
quadrupole. There are two factors contributing to di†ering
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FIG. 6.ÈThe Hanle e†ect for spherical envelopes. Shown are four computed curves, each for a di†erent magnetic Ðeld geometry, as indicated in the Ðgure.
The square points mark the analytic solution to the case of and give an indication of the numerical accuracy. The vertical and horizontal axes are theB\ B’same as in The latitudinal and toroidal Ðelds produce polarizations that are the same in magnitude but opposite in sign, indicating a di†erence of 90¡Fig. 5.
in the polarization position angle. The dipole and quadrupole Ðelds produce successively smaller variations of the polarization at large values of B

*
/BHanle.The polarization for the dipole and quadrupole Ðelds does not obtain values as large as those for latitudinal or toroidal Ðelds, for reasons that are discussed in

the text.

results for the various Ðeld distributions : (1) the radial
dependence of the Ðeld strength and (2) the directional
dependence of the magnetic Ðeld with latitude. In the Ðrst
the magnetic Ðeld is expected to decrease with radius. If the
Ðeld strength decreases rapidly with radius, then a signiÐ-
cant Hanle e†ect will occur only in a small fraction of the
scattering volume in the innermost regions, where the Ðeld
strength is greatest. Fortunately, most of the polarization is
produced at small radii, where the density of scatterers is
largest ; thus, even when the Ðeld strength strongly decreases
with radius, the Hanle e†ect may still appreciably a†ect the
observed line polarization. For example, of the cases con-
sidered, the decrease of Ðeld strength with radius is severest
for the quadrupole distribution, and the deviation of the
polarization at large Ðeld limits is smallest in comparison to
the other Ðeld distributions. As the Ðeld strength is made to
decrease more gradually with radius (e.g., the dipole Ðeld
case), the Hanle e†ect is signiÐcant over a greater range of
radii.

The second factor that governs the importance of the
Hanle e†ect is the vector direction of the magnetic Ðeld as a
function of latitude. If the magnetic Ðeld tends to be radial
or axial over signiÐcant ranges of latitude, then there will be

little Hanle e†ect in those regions. For example, a quadru-
polar distribution has primarily radial magnetic Ðelds at the
equator and poles but a strongly latitudinal orientation at
midlatitudes. The dipole conÐguration is similar, with a
dominant radial component near the poles but an axial
component at the equator. Clearly, magnetic Ðelds that are
dominated by radial or axial components will reduce the
importance of the Hanle e†ect for producing a net polariza-
tion in spherical envelopes, thereby reducing the likelihood
of conÐdently detecting the magnetic Ðeld and ascertaining
its distribution in such cases. Thus, for integrated polarized
line proÐles, radial and axial Ðelds are e†ectively unde-
tectable using the Hanle e†ect.

Several conclusions may be drawn from our consider-
ation of magnetic Ðelds embedded in spherical envelopes.
First, the example of spherical envelopes provides an ideal
demonstration of how the Hanle e†ect can produce a net
polarization, in contrast to a depolarization. Second, the
Hanle e†ect tends to be more signiÐcant for magnetic Ðelds
that decrease gradually with radius, or at least that decrease
gradually in the regions close to the star where contribu-
tions to the polarization are greatest. And third, the Ðeld
component should have signiÐcant meridional and/or



564 IGNACE, NORDSIECK, & CASSINELLI Vol. 486

toroidal Ðeld components for the integrated line polariza-
tion to be modiÐed by the Hanle e†ect.

4. DISCUSSION AND OBSERVATIONAL PROSPECTS

To this point the Hanle e†ect has been introduced, and its
theoretical consequences for the line polarization of
extended stellar envelopes explored. Here the use of these
results to interpret observations is discussed. From Figures

and the most dramatic change in the line polarization5 6,
relative to the zero Ðeld case occurs when the Hanle e†ect is
in the saturated limit, so we elaborate on the case of large
Ðeld strengths in some detail. Attention is then shifted
toward possible stellar targets and the selection of
resonance-lines to be observed. Lastly, a procedure is intro-
duced for determining stellar magnetic Ðelds from line
polarimetric observations using our theoretical results.

4.1. T he L imit of Very L arge Field Strengths
Recall that in the zero Ðeld limit, the Hanle phase scat-

tering matrix reduces to that of simple resonance-line scat-
tering, which for the most part is quite similar to that of
electron scattering in its functional form. It is natural, there-
fore, to consider the opposite extreme in which the magnetic
Ðelds are very strong.

““ Large magnetic Ðelds ÏÏ refer to the regime where uL?
yet In this limit the Hanle parameterA

ul
, *lZ>*lD.

becomes hence the Hanle angletan a2] O, a1B a2Bn/2. Using of the the relevantequation (A3) Appendix,
phase matrix elements reduce to H

QI
\ 38E1 sin2 h

s
(1 [ 3

and However, these angular parameterscos h
i
2) H

UI
\ 0.

are with reference to the magnetic Ðeld direction. To solve
for the ring polarization, the integrand mustequation (16)

be expressed in terms of the stellar coordinates. The quan-
tities and can be eliminated in favor of the stellarh

s
, h

i
, i

scoordinates and and the viewing inclination0
B
, r

B
, r

i
0
s
\

i by using the spherical triangles in The followingFigure 4.
coordinate transformations are derived :

cos h
s
\ cos i cos 0

B
] sin i sin 0

B
cos r

B
, (23)

cos h
i
\ cos 0

i
cos 0

B
] sin 0

i
sin 0

B
cos (r

i
[ r

B
) , (24)

cos i
s
\ cos 0

B
[ cos i cos h

i
sin h

s
sin i

, (25)

sin i
s
\ sin r

B
sin 0

B
sin h

s
. (26)

It is also convenient to parameterize the azimuth of the
magnetic Ðeld by where is deÐned to be ar

B
\ r

i
[ t0, t0““ phase.ÏÏ We introduce this substitution because equation

requires an integration about the ring with respect to(16)
The assumption of axisymmetry ensures that is con-r

i
. t0stant around the ring. Clearly, if then the magnetict0D 0,

Ðeld has some toroidal component, otherwise the magnetic
Ðeld lies only in meridional planes containing the axis of
symmetry.

Using and with the geometrical expressionsH
QI

H
UI

(23),
and and performing the integral of(24), (25), (26) equation

the analytic solution for the line polarization from a(16),
strongly magnetized ring is

pring(a2 \ n/2) \ 316qlE1 sin2 i (1 [ 3 cos h
i
2)

] (1[ 32 sin2 0
B
) . (27)

For the sake of compactness, we have not substituted the
coordinate transformation (24) for withcos h

i
r

i
[ r

B
\

in We make three observations regardingt0 equation (27).
the ring polarization with a strong magnetic Ðeld :

1. The ring polarization is proportional to sin2 i, just as
in the zero Ðeld case of & McLean and in theBrown (1977)
semianalytic cases discussed in the previous section.

2. The e†ects of a toroidal Ðeld enter only through cos
cos sin cos with cos beingh

i
\ cos 0

i
0
B
] sin 0

i
0
B

t0, h
ithe cosine of the angle between the incident intensity and

the magnetic Ðeld, not the stellar symmetry axis.
3. At a Ðxed value of the polarization can actuallycos h

i
,

change signs (i.e., a 90¡ Ñip in the polarization position
angle) at a critical value of 0

B
.

Regarding the third point, the critical value of can be0
Bderived by setting in and solving forpring \ 0 equation (27)

These steps yield0
B
.

0
B
crit\ sin~1 J23 \ 54¡.7 . (28)

Recall that is the van Vleck angle. In the zero Ðeld case,54¡.7
a ring located at exactly this latitude will have no net polar-
ization. indicates something quite di†erent inEquation (28)
the case of a strong magnetic Ðeld : if the orientation of the
magnetic Ðeld is such that equals the van Vleck angle,0

Bthen the ring will have zero net polarization independent of
the ringÏs latitude.

The results derived in this section for the polarization
from a ring in the large Ðeld limit are particularly relevant
for the discussion of observations that follows in the next
two sections. First, as previously alluded to, it is in the limit
of strong Ðelds that the line polarization is seen to deviate
most from that of the zero Ðeld case. Second, we have
derived analytic results for any axisymmetric Ðeld geometry
in the strong Ðeld case. Although derived for a ring only, the
result may easily be extended to envelope volumes by inte-
grating the rings over latitude. Thus, the asymptotic proper-
ties of the line polarization for strong Ðelds is governed by
the Ðeld geometry, a conclusion that will be utilized later for
diagnosing the stellar magnetic Ðeld properties from several
polarimetric line measurements.

4.2. Observational Prospects
The parameter that is implicitly deÐned byq

l
equation

for the frequency mean Sobolev optical depth is of(15)
central importance for determining the net line polarization
from optically thin stellar envelopes. This factor sets the
scale of the polarization and depends on the stellar proper-
ties, wind parameters, and the particular resonance-line
transition. A critical assumption used in constructing the
theoretical curves shown in Figures and for the line5 6
polarization is that the line must be optically thin. We wish
to determine which lines in which stars will meet this condi-
tion. Recall that

q
l
\ j

ul
p
l
R

*
n0

2v=
. (29)

For a stellar wind, we deÐne the number density normal-
ization by

n0\ XA
E
q
i
M0

4nR
*
2 v=kmH

. (30)
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In X is the hydrogen mass fraction by weight,equation (30),
is the elemental abundance by mass, is the constantA

E
q
iionization fraction, and is the stellar mass-loss rate.M0

Combining expressions and with the fact that(29) (30) p
l
P

gives Thus, conditionsj
ul
2 A

ul
q
l
P XA

E
q
i
M0 j

ul
3 A

ul
/R

*
v=2 .

that are favorable for producing optically thin lines include
(1) winds that have small mass-loss rates or high terminal
speeds, (2) atomic species that have low abundances, or (3)
lines that are formed by trace ions. Note that wouldq

lappear to depend quite strongly on the wavelength of the
line ; however, is also wavelength dependent and variesA

ulas where is the oscillator strength of thej
ul
~2g

l
f
lu
/g

u
, f

luupward transition. For values typical of strong lines from
hot star winds, we rewrite in the normalized form:q

l

q
l
\ 0.35

j
ul,3p

l,~3R
*,1 n0,4

v=,3
, (31)

where

n0,4 \ 0.63
X(A

E
q
i
M0 )~13

kR
*,12 v=,3

. (32)

The subscripted numbers indicate powers-of-ten normal-
izations, with in angstroms, in cm2 Hz, in inj

ul
p
l

R
*

R
_

, n0cm~3, in km s~1, and in yr~1.v= M0 M
_An upper limit to the value of is found by consideringq

lthe case in which every photon emitted by the star in the
frequencies of the line is scattered at least once. The Stokes I
Ñux produced by the scattered photons only is roughly

times a function of geometry that is close toq
l
*lL L l/4nd2

unity. By inspection should be about one or less to avoidq
lmultiple scattering in the envelope. As a result, equation

can be used as a criterion for the selection of stellar(31)
candidates and resonance lines to be observed. Note that
the maximum polarization (for a point-source star) is of
order 20% hence, for stars with magnetic winds, one(q

l
) ;

expects to measure intrinsic line polarizations with typical
values of several percent for optically thin lines. These esti-
mates assume that and that the star is viewed edge-E1B 1
on. It is important to note that the inclusion of Ðnite star
e†ects is expected to reduce signiÐcantly, relative to the
point star case, the maximal polarization that can be pro-
duced in an optically thin wind (see et al.Cassinelli 1987).

Requiring that constraints are placed on theq
l
[ 1,

various wind and stellar parameters for which our optically
thin results will be relevant. To order of magnitude, a reso-
nance line formed in a typical hot star wind will be optically
thin if yr~1. Although the productA

E
q
i
M0 [ 10~13 M

_may vary greatly between di†erent lines, it can atA
E
q
imost be of order 10~4 for the dominant ionization state of

abundant metals in stars with solar abundances. So for lines
from dominant stages to be optically thin, must be aboutM0
10~9 yr~1 or less, values that may have relevance forM

_some B star winds. However, if we consider lines of trace
ions that have and/or atomic species with smallerq

i
> 1

abundances then the Hanle diagnostic can be used forA
E
,

resonance lines in winds with considerably larger values
of M0 .

A careful selection of targets that are thought to possess
magnetic Ðelds of tens and hundreds of gauss may allow for
the detection of the Hanle e†ect in stars other than the Sun.
Estimates of for several early-type stars are given inq

l
Table

(below). Included in the list are Wolf-Rayet stars, O stars,4
and emission line B stars. For each candidate, only one

commonly observed line is selected for computing It canq
l
.

be seen that optically thin lines can be found in a wide
variety of hot star winds.

In particular for the B stars, the class of helium weak and
helium strong stars have surface magnetic Ðelds of kilogauss
strengths & Landstreet These objects are typi-(Borra 1979).
cally modeled as oblique magnetic rotators (see Shore

for which the stellar magnetic Ðeld is dipolar, but1987),
with a symmetry axis that is not aligned with the starÏs
rotation axis. Shore suggests that the dipole Ðelds (1) inhibit
wind Ñow at latitudes near the equator and (2) collimate a
bipolar jet. Although the surface Ðeld strengths are some-
what strong, these helium peculiar B stars might provide a
good test for the optically thin results presented here, since
the wind density is relatively small and some information
already exists about the magnetic and stellar geometries.

4.3. Diagnosing Stellar Magnetic Fields with the
Hanle E†ect

Here we address the issue of how polarimetric line mea-
surements can be combined with our theoretical results to
diagnose the magnetic strength and geometry in extended
stellar envelopes. The procedure described below is sche-
matic and rather idealized ; the analysis of real data will be
more complicated if our simplifying assumptions are found
to be invalid.

The strategy that we propose for deriving the magnetic
Ðeld properties from polarimetric line measurements is
similar to curve-of-growth theory. Relative abundances of
di†erent atomic species may be derived from the curve of
growth by plotting the ratio where is the lineWj/j, Wjequivalent width, versus the lineÏs oscillator strength, or
f-value (note that the f value and the value are directlyA

ulrelated). For example, the horizontal shift between the
curves of growth for two atomic species will yield the rela-
tive abundance of those atoms. For the case of the Hanle
e†ect, the procedure is to plot a suitably normalized line
polarization versus the value.A

ulLet us suppose that we have low spectral resolution or
perhaps narrowband polarimetric measurements of a
sequence of resonance lines. As an example, showsFigure 5
Ðve lines commonly observed in hot star winds : Si III, Si IV,
C IV, N V, and P V. The atomic data for the line transitions
of interest are listed in (see also Also listedTable 5 Table 4).
in this table are basic data for many other lines that are not
used in our discussion but are conveniently included for use
in the future planning of observations. The various columns
of are the transition states, the wavelength, theTable 5
value of and the Hanle Ðeld strength, Note thatE1, BHanle.several of the selected lines are doublets, and of these doub-
lets, only the short-wavelength components are polarized
while the long wavelength components scatter isotropically.
Note that for these doublets, is not actually a constantE1but can be frequency dependent, because there exists a
quantum mechanical interference e†ect between the doublet
components that can alter the line polarization (StenÑo

We have chosen to ignore this e†ect, since only opti-1980).
cally thin lines are being considered here. An additional
concern involving the doublets is that the two line com-
ponents may be blended because of the wind broadening.
Although we also ignore this possibility, such blends are
quite common in the fast winds of O stars, but less so in the
slower B star winds. Of course, even in singlets, blends with
other nearby lines is a concern.
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TABLE 4

A SELECTION OF STARS AND LINES FOR OBSERVING THE HANLE EFFECT

log M0 v= R
*Stellar Class Line log A

E
log q

i
a (M

_
yr~1) (103 km s~1) (R

_
) q

l

WN6 . . . . . . . . P V 1118 Ó [5.50 [2 [4.5 2000 5 0.70
OV . . . . . . . . . . Si III 1207 Ó [4.46 [3 [6.0 2000 10 0.70
B1 I . . . . . . . . . N V 1239 Ó [3.96 [3 [6.0 1400 40 0.10
B2 V . . . . . . . . Si IV 1394 Ó [4.46 [2 [9.0 800 7 0.02

a The ionization fraction is a parameter of great uncertainty, so only estimates of its value are given.

Referring back to we now discuss the arrowFigure 5,
markers shown at the bottom of that Ðgure that represent
the horizontal positions of polarimetric measurements for
di†erent lines, as indicated. The relative positions of these
markers are Ðxed, because for a given Ðeld strength, the
spacing of the arrows depends only on the ratio of the line

values. The positions shown in have been com-A
ul

Figure 5
puted assuming a surface Ðeld G. A change inB

*
\ 100 B

*will move the entire ensemble of arrows either left (for
smaller or right (for largerB

*
) B

*
).

Now to use we want to plot the polarization forFigure 5,
each line that is horizontally spaced according to the arrow
markers and Ðt the distribution of points to the diagnostic
curves. However, lines of di†erent species have di†erent
abundances, and those of the same species but of di†erent
ionizations stages will have di†erent ionization fractions.
For a given stellar wind, it is the abundance and ionization
fractions (as well as level populations for di†erent lines of
the same ion) that di†erentiate the line optical depth

TABLE 5

MAGNETIC SENSITIVITIES IN COMMON RESONANCE LINES

j A
ul
a BHanleIon Transitiona (Ó) E1 (108 s~1) (G)

O VI . . . . . . . 2 2S1@2È2 2P3@2 1031.9 0.5 4.163 18
O VI . . . . . . . 2 2S1@2È2 2P1@2 1037.6 0.0 4.095 . . .

P V . . . . . . . . 3 2S1@2È3 2P3@2 1118.0 0.5 12.63 54
P V . . . . . . . . 3 2S1@2È3 2P1@2 1128.0 0.0 12.29 . . .

Si III . . . . . . . 3 1S0È3 1P1 1206.5 1.0 25.5 145

N V . . . . . . . 2 2S1@2È2 2P3@2 1238.8 0.5 3.411 15
N V . . . . . . . 2 2S1@2È2 2P1@2 1242.8 0.0 3.378 . . .

Si IV . . . . . . . 3 2S1@2È3 2P3@2 1393.8 0.5 8.825 38
Si IV . . . . . . . 3 2S1@2È3 2P1@2 1402.8 0.0 8.656 . . .

C IV . . . . . . . 2 2S1@2È2 2P3@2 1548.2 0.5 2.654 11
C IV . . . . . . . 2 2S1@2È2 2P1@2 1550.8 0.0 2.641 . . .

Mg II . . . . . . 3 2S1@2È3 2P3@2 2796.4 0.5 2.612 11
Mg II . . . . . . 3 2S1@2È3 2P1@2 2803.5 0.0 2.592 . . .

Ca II . . . . . . 4 2S1@2È4 2P3@2 3934.8 0.5 1.367 6
Ca II . . . . . . 4 2S1@2È4 2P1@2 3969.6 0.0 1.331 . . .

Ca I . . . . . . . 4 1S0È4 1P1 4227.9 1.0 2.180 12

Na I . . . . . . . 3 2S1@2È3 2P3@2 5891.6 0.5 0.606 3
Na I . . . . . . . 3 2S1@2È3 2P1@2 5897.6 0.0 0.610 . . .

K I . . . . . . . . 4 2S1@2È4 2P3@2 7667.0 0.5 0.387 2
K I . . . . . . . . 4 2S1@2È4 2P1@2 7701.0 0.0 0.382 . . .

a The transition and Einstein A value taken from Morton 1991.

between di†erent lines, but these di†erences are character-
ized by the parameter For this reason it is not the polar-q

l
.

ization p that we plot, but instead it is wherep/E1 q
l
sin2 i,

sin2i is a constant for every line and will vary from lineE1 q
lto line. The result is that given our assumptions, the ratio

should be a constant in the absence of mag-p/E1 q
l
sin2 i

netic Ðelds.
The following procedure may be used to derive the mag-

netic Ðeld strength and the Ðeld geometry. (1) InB
*

Figure
the polarization measurements are to be vertically scaled5,

and the distribution allowed to slide horizontally until a
best Ðt is achieved to one of the theoretical curves
(remember that the relative horizontal spacing of the mea-
surements is Ðxed). This best Ðt provides the surface Ðeld
strength from the abscissa and the Ðeld geometry from the
distribution. The Ðt also provides the ratio sin2 i.p/E1 q

lSince p is measured and is known from theory, theE1product sin2 i is made known through the scaling param-q
leter that was required to obtain a best Ðt to one of the

diagnostic curves. In principle, and sin2 i may be deter-q
lmined individually by Ðtting the Stokes I proÐle of the line,

because the proÐle shape and the total emission depend on
the line optical depth and viewing perspective. Additionally,
these and sin2 i values are also related to the verticalq

lintercept of in the limit of as is discussedFigure 5 B
*
/BHanle,further below.

For interpreting the best-Ðt case, the diagnostic curves of
can be divided into three principle regions :Figure 5

and TheseB
*
/BHanle> 1, B

*
/BHanle? 1, B

*
/BHanleB 1.

three divisions are shown schematically in First,Figure 7.
for the lines with the Hanle e†ect is almostB

*
/BHanle > 1,

negligible, and the line measurements will be found toward
the far left of In this case the magnitude of the netFigure 7.
line polarization is related to the density distribution
throughout the envelope. The position angle of the polar-
ization on the sky is set by the distribution of scatterers.
Under the assumption of axisymmetry, the position angle
indicates the orientation of either the symmetry axis (for a
plume) or the equator (for a disk). The resolution of this
ambiguity may be found either by requiring consistency
with the Ðts to the Stokes I proÐle or with other obser-
vations, if available (such as the imaging of a jet or of an
absorption band as expected from an occulting disk). Thus,
resonance lines with small ratios of are generallyB

*
/BHanleuseful for constraining the envelope density distribution.

For polarization measurements in the regime of
the data points will be located toward the farB

*
/BHanle? 1,

right of In this area the Hanle e†ect is in theFigure 7.
saturated limit, so the line becomes insensitive to the Ðeld
strength. However, the degree of polarization is still sensi-
tive to the geometry of the magnetic Ðeld and its distribu-
tion throughout the envelope. In particular, a 90¡ position
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FIG. 7.ÈDiagnostic sensitivities for three limits of the ratio This Ðgure presents a summary of how our theoretical results may be used to deriveB
*
/BHanle.the magnetic properties of a stellar envelope. Plotted is the normalized line polarization (as in Figs. and as a function of for a Ðctitious Ðeld5 6) B

*
/BHanledistribution (shown only for reference). The space is divided into three regions, corresponding to (left), (middle), andB

*
/BHanle > 1 B

*
/BHanleD 1 B

*
/BHanle?1 (right). As discussed in the text and as indicated in the Ðgure, the regimes of (1) small ratios provide information about the envelope densityB

*
/BHanledistribution, (2) large ratios give an indication of the vector magnetic Ðeld geometry, and (3) ratios near 1 are useful for deriving theB

*
/BHanle B

*
/BHanlesurface Ðeld strength.

angle change of the polarization would provide strong evi-
dence for the presence of a magnetic Ðeld, assuming that the
ions producing the polarization are all located in the same
region. When combined with a line measurement that lies in
the regime of the saturated case can provideB

*
/BHanle > 1,

information about the Ðeld geometry and can be used to set
a lower limit to the surface Ðeld strength.

Finally, the third important region in is for theFigure 7
case of It is in this area of the Ðgure that theB

*
/BHanleD 1.

diagnostic curve makes the transition from the zero Ðeld
limit to the saturated limit, as illustrated by the nonzero
slope of the curve. In the two extreme cases, the surface
Ðeld strength of the star cannot be reliably determined, but
limits may be placed on its value. However, if one or more
polarimetric line measurements fall into the intermediate
regime between small and large ratios, then thoseB

*
/BHanlelines can be used to determine the surface Ðeld strength.

The two most important conclusions to be drawn from
this discussion of are the following. (1) At least twoFigure 5
lines must be used to determine whether or not the Hanle
e†ect is observed, unless other information is available to

reduce the number of free parameters. If both lines are
formed in the same geometrical region and there is no mag-
netic Ðeld, then the two lines should have the same polariza-
tion and position angle. A di†erence in either of these could
be an indication of the Hanle e†ect in operation. (2) It is
clear that the greatest diagnostic value of the Hanle e†ect
will come from multiline measurements, with a greater
number of lines providing tighter constraints on the circum-
stellar magnetic Ðeld properties. Not only are the sheer
number of lines important, but also the sensitivity coverage
of the lines to the magnetic Ðeld strength, since is a prioriB

*unknown. For example, if the arrow markers had been com-
puted for G instead of 100 G, then all of the lineB

*
\ 1000

polarizations would have been in or nearly in the saturated
limit. The Ðeld geometry could be derived, but only lower
limits could be placed on the surface Ðeld strength.
However, even lower limits would be useful. Similarly, if B

*were only 1 G, then all of the line measurements would shift
leftward in so that little could be derived about theFigure 5,
Ðeld geometry, yet an upper limit could be placed on the B

*value.
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We recognize that our examples are certainly simpliÐed,
and we wish to point out some of the complicating factors
that should be accounted for. Theoretically, a constant ion-
ization fraction was assumed in producing AnFigure 5.
ionization fraction that is constant throughout the wind
will not generally be the case ; moreover, the ionization dis-
tribution for di†erent ions will also not be the same. Finite
star e†ects have been ignored. These include the Ðnite size
of the star, limb darkening, the presence of photospheric
distortions (e.g., oblateness), and other atmospheric e†ects.
And of course, only rather simple magnetic Ðeld distribu-
tions have been investigated, whereas the true magnetic
topology may be much more complex.

Observationally, we identify several possible com-
plications with interpreting the spectral line measurements.
The Ðrst is that line blending may occur between nearby
lines or adjacent multiplet components because of wind
broadening. The line polarization will likely be altered at
the frequencies of overlap because of the enhanced opacity.
A second complication is that of contamination of the line
polarization from processes other than the resonance-line
scattering. An example would be electron scattering ;
however, note that in hot star winds is usually thin forq

emass-loss rates below 10~6 yr~1. Although the contin-M
_uum polarization arising from electron scattering (or even

from interstellar polarization processes) can be separated
from the line polarization component through continuum
subtraction, the polarized line proÐle may be distorted by
Doppler shift e†ects due to electron scattering &(Wood
Brown 1994b).

Even though there are many e†ects that must be properly
modeled, our simpliÐed considerations have demonstrated
that the Hanle e†ect could be a useful probe of the gross
magnetic properties of extended stellar envelopes. Such
information is difficult or impossible to obtain by other
means, especially in the regime of only tens to hundreds of
gauss. It is hoped that the Far Ultraviolet Spectro-
Polarimeter (FUSP), a rocket payload to be launched in the
near future, will observe the Hanle e†ect for the Ðrst time in
a star other than the Sun. This instrument will have a spec-
tral resolution of j/*j B 1000 in the wavelength range
1050È1450 FUSP is expected to obtain observations ofÓ.
the Wolf-Rayet star EZ CMa and the Be star n Aqr, both of
which are known to be intrinsically polarized.

5. SUMMARY

In this study we have considered applications of the
Hanle e†ect as a diagnostic of magnetic Ðelds for extended
stellar envelopes. The polarizing e†ects of resonance-line
scattering in an optically thin envelope illuminated by a
point-source star have been investigated, and our results
can be reduced to three major points.

1. Because the polarization is given by a Rayleigh scat-
tering phase function, the dependence of the line resonance
polarization on the envelope geometry is the same as for the
case of pure electron scattering. The main di†erences
between these two processes are (a) the line opacity can be
larger than the electron scattering opacity by many orders
of magnitude, (b) the line opacity is frequency dependent,
and (c) although resonance-line scattering is basically of the
Rayleigh type, the polarization is diluted by an isotropic
contribution. In the zero Ðeld limit, the envelope polariza-
tion arising from either electron scattering or resonance-line

scattering varies with the line-of-sight viewing angle as sin2
i. Analytic solutions to several simple cases reveal that this
sin2 i dependence persists even when there is a magnetic
Ðeld. From numerical calculations for a variety of magnetic
Ðeld orientations, we argue that the sin2 i dependence is a
general result for optically thin magnetic winds. From
numerical calculations, the sin2 i dependence of the net line
polarization is found to exist for axisymmetric rings at
various latitudes, for magnetic Ðelds of various strengths,
and for a broad range of Ðeld orientations. As a result, the
polarization from any axisymmetric envelope must be pro-
portional to sin2 i, just as in the zero Ðeld case.

2. The calculation of the Hanle e†ect for observed line
polarizations generally requires a numerical integration of a
complicated function of the magnetic Ðeld geometry and the
density distribution over the scattering envelope. Analytic
results can be derived only for simpliÐed geometries. In
particular, we considered axisymmetric rings (a) for arbi-
trary Ðeld geometries but in the limit of very strong Ðeld
strengths and (b) for geometrically simple Ðeld distributions
(e.g., radial, axial, etc.) but of arbitrary strength. In favorable
cases the Hanle e†ect can produce signiÐcant changes in the
degree of polarization, relative to the zero Ðeld case. Some
Ðeld distributions can even result in a position angle Ñip of
90¡. Although the Hanle e†ect may cause a net reduction of
the envelope polarization, it can also increase or create a net
polarization. For example, in the absence of magnetic Ðelds,
a spherical envelope should be unpolarized ; however, a
magnetic Ðeld can break this symmetry to yield a net polar-
ization. Typically, meridional magnetic Ðelds are found to
yield polarizations that are aligned with the stellar axis,
whereas Ðelds with a signiÐcant toroidal component tend to
produce net polarizations that are perpendicular to that
axis.

3. Lastly, potential stellar targets were discussed. Reso-
nance lines of highly ionized species, such as C IV, Si IV, and
others, are commonly observed in the winds from hot stars,
and polarimetric measurements of these lines should be
used together to infer the stellar magnetic Ðeld strength and
distribution. Note that this research has been motivated by
the upcoming FUSP experiment that will observe hot stars
at UV wavelengths, but the Hanle e†ect pertains generally
to resonance-line scattering, so the e†ect can also be
observed using ground-based telescopes. The optically thin
results that we have derived for the Hanle e†ect require
relatively small values of and/or large terminalM0 q

i
A

Espeeds The best hot star candidates under these condi-v=.
tions are likely the O and B stars, because they have numer-
ous UV resonance lines and their wind mass-loss rates are
not exceedingly large. In particular, the helium peculiar
magnetic B stars may provide a good test for our diagnostic
because in some cases the stellar Ðeld strengths and dis-
tributions have already been studied.

In conclusion, the diagnostic value of the Hanle e†ect for
stellar observations appears promising. The fact that the
Hanle e†ect can probe magnetic Ðeld strengths in the sub-
kilogauss range, values that may be common in stellar
atmospheres, motivates a continued study of this e†ect.
Some considerations that should be included in the future
are the e†ects of a Ðnite star and large optical thickness.
Although we have considered rather simpliÐed cases, our
results for optically thin atmospheres provide a good start
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for employing the Hanle e†ect in studies of stars other than
the Sun.
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APPENDIX

THE HANLE EFFECT PHASE MATRIX

In this Appendix the deÐnition of the Hanle e†ect phase matrix is presented. It is this phase matrix that determines the
Stokes parameters for resonance-line scattering in a magnetic medium. Recall from that the 4-vector sourceequation (11)
function is given by

Sl \a
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In this expression is the incident Stokes vector, which will generally have nonzero values for Q, U, and V . After doing theIl,imatrix addition of equations (5.57)È(5.64) in StenÑo (1994), the Hanle scattering phase function is
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where and represent the directions of the incident and scattered intensities. The matrix elements appearing inn
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are(A2)

H
II

\ 1]34E1[16(1 [ 3 cos2 h
i
)(1[ 3 cos2 h

s
) ] a(B, d) cos h

i
sin h

i
cos h

s
sin h

s
] 12c(B, d) sin2 h

i
sin2 h

s
] ,

H
IQ

\ 34E1[12 sin2 h
i
(1 [ 3 cos2 h

s
) ] a(B, d) cos h

i
sin h

i
cos h

s
sin h

s
[ 12c(B, d) sin2 h

s
(1 ] cos2 h

i
)] ,

H
IU

\ 34E1[b(B, d) sin h
i
cos h

s
sin h

s
[ d(B, d) cos h

i
sin2 h

s
] ,

H
QI

\ 34E1[12 sin2 h
s
(1 [ 3 cos2 h

i
) ] a(B, d) cos h

i
sin h

i
cos h

s
sin h

s
[ 12c(B, d) sin2 h

i
(1 ] cos2 h

s
)] ,

H
QQ

\ 34E1[12 sin2 h
s
(1 [ 3 cos2 h

i
) ] a(B, d) cos h

i
sin h

i
cos h

s
sin h

s
] c(B, d)(1] cos2 h

i
)(1] cos2 h

s
)] ,

H
QU

\ 34E1[b(B, d) sin h
i
cos h

s
sin h

s
] d(B, d) cos h

i
(1 ] cos2 h

s
)] ,

H
UI

\ 34E1[[b(B, d) cos h
i
sin h

i
sin h

s
] d(B, d) cos h

s
sin2 h

i
] ,

H
UQ

\ 34E1[[b(B, d) cos h
i
sin h

i
sin h

s
[ d(B, d) cos h

s
(1] cos2 h

i
)] ,

H
UU

\ 34E1[a(B, d) sin h
i
sin h

s
] 2c(B, d) cos h

s
cos h

i
] ,

H
VV

\ 34E3[cos h
i
cos h

s
] a(B, d) sin h

i
sin h

s
] ,

H
IV

\ 0, H
QV

\ 0, H
UV

\ 0 , H
VI

\ 0 , H
VQ

\ 0 , H
VU

\ 0 , (A3)

where and were discussed in and the various angular parameters were deÐned in All of the magneticE1, E2, E3 ° 2.1.1, ° 3.1.
e†ects enter the phase matrix through the functions a, b, c, and d, which are

a(B, d)\ 2 cos a1 cos (d [ a1) ,

b(B, d)\ 2 cos a1 sin (d [ a1) ,

c(B, d)\ cos a2 cos (2d [ a2) ,

d(B, d)\ cos a2 sin (2d [ a2) , (A4)

where the angular quantity for k \ 0, 1, or 2 is deÐned bya
k

tan a
k
\ kgL eB

2m
e
cA

ul
. (A5)
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Note that in the zero Ðeld limit, and reverts to the phase function for nonmagnetic resonance-linea1\ a2\ 0, H(n
i
, n

s
)

scattering. In the case of unpolarized incident light, only the matrix elements and will be of interest. At theH
II

, H
QI

, H
UIopposite extreme where the magnetic Ðeld strength is extremely large, so a \ b \ c\ d ] 0. The only phasea1\ a2\n/2,

function elements that do not vanish in the large Ðeld limit are and If the incident light isH
II

, H
IQ

, H
QI

, H
QQ

, H
VV

.
unpolarized, then only and are needed to compute the polarization of the scattered light.H

II
H

QIHere we brieÑy remind the reader of the restrictions under which is valid. The major assumption is that theequation (A3)
frequency and directional redistributions of the scattered light are independent. This is true under the following conditions : (1)
coherent scattering for which collisional broadening is negligible, (2) weak magnetic Ðelds such that the Zeeman components
are not well separated with respect to their natural widths, and (3) frequencies in the vicinity of the line core.

The Ðnal ingredient for calculating the transfer of polarized light in a magnetic medium is the Mueller rotation matrix, L (c).
This matrix performs a transformation of the Stokes parameters through a rotation angle of c about some speciÐed axis, and
is needed to insure that the Stokes parameters Q and U for the linear polarization are consistently measured along the
observerÏs axes. The Mueller matrix is

L (c)\a
1
0
0
0

0
cos 2c

[sin 2c
0

0
sin 2c
cos 2c

0

0
0
0
1
b . (A6)

To summarize, the polarization from a single scattering event is computed according to the following sequence. (1)
Transform the incident Stokes vector via the Mueller matrix to the local coordinate system of the magnetic Ðeld, in which the
Ðeld direction is deÐned to be the local z-axis. This step is required because equations and are only valid in that(A2), (A3), (A4)
coordinate system. (2) Employ the scattering phase function H to determine the polarimetric properties of the light in the
coordinate system of the magnetic Ðeld. (3) Make another Mueller matrix rotation of the Stokes vector of the scattered light to
the coordinate system of the observer. This three-step sequence must be repeated for every scattering event occurring in the
circumstellar envelope, and the resultant Stokes vectors must be summed to obtain the net polarimetric properties of the Ñux
as seen by the observer.
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